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Two classes of permutation polynomials over ﬁnite ﬁelds are pre-
sented. The ﬁrst class is a further study of permutation polyno-
mials of the form (xp
k − x + δ)s + L(x) and the second class is
a supplement of the recent work of Hou on permutation polyno-
mials. We show the permutation properties of two polynomials in
the ﬁrst class and ﬁve polynomials in the second class by using
their implicit or explicit piecewise function characteristic over the
subsets of the ﬁnite ﬁeld deﬁned by multiplicative or additive char-
acters of the ﬁeld. Two polynomials in the ﬁrst class theoretically
explain two numerical observations of J. Yuan et al. in their per-
mutation polynomial search experiment.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let Fq be the ﬁnite ﬁeld of a prime power order q. A polynomial f (x) in Fq[x] is called a per-
mutation polynomial (PP) over Fq if it induces a one-to-one map from Fq to itself. PPs have been
studied extensively and have important applications in coding theory, cryptography, combinatorics,
design theory and so on [4,10–12]. In the recent years, there has been signiﬁcant progress in ﬁnding
new permutation polynomials [2,3,5,7].
In [6], Helleseth and Zinoviev derived new identities on Kloosterman sums over F2m by making
use of PPs of the form ( 1
x2+x+δ )
s + x. The link between Kloosterman sums and PPs was investigated
by J. Yuan et al. in [13,14], and in theses works, many PPs of the form (xp − x + δ)s + L(x) with
linearized polynomials L(x) were ﬁrst introduced and some numerical results on PPs were given.
Several of these numerical results can be explained by the new introduced classes of PPs, whilst some
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PPs deﬁned over ﬁelds of characteristic 2 were found in [16]. Very recently, P. Yuan and C. Ding [15]
gave a uniﬁed treatment of some earlier constructions of PPs and get many new speciﬁc PPs by using
a powerful lemma proved by Akbary, Ghioca and Wang [1].
The concept of reversed Dickson polynomial Dn(a, x) was ﬁrst deﬁned by Hou, Mullen, Sellers
and Yucas in [9] by reversing the roles of the variable and the parameter in the Dickson polynomial
Dn(x,a). When a = 0, Dn(a, x) is a PP over Fq if and only if Dn(1, x) is a PP over Fq , and the latter is
characterized by the functional equation Dn(1, y(1 − y)) = yn + (1 − y)n . A big problem on reversed
Dickson polynomials is to determine for which pairs (q,n) the polynomial Dn(1, x) is a PP over Fq .
In the same paper [9], a relation between reversed Dickson permutation polynomials (RDPPs) and al-
most perfect nonlinear functions was shown and several families of nontrivial RDPPs were presented.
A consequent work [8] further presented two new classes of PPs, one of which answered an open
question about RDPPs.
In this paper, we present two classes of permutation polynomials which are studied along with
the above two directions but are inherently considered to have some piecewise function characteristic
for the ease of the proofs of their permutation property. The ﬁrst class we present is a further study
of permutation polynomials of the form (xp
k − x+ δ)s + L(x), where p is the characteristic of the ﬁeld.
Two of them theoretically explain two numerical observation of J. Yuan et al. in their permutation
polynomial search experiment, which can be seen in Section 2. The second class is a supplement of
the recent work of Hou on permutation polynomials and the polynomials presented in the class have
explicit piecewise function characteristic, we discuss them in Section 3.
2. Permutation polynomials of the form (xp
k − x+ δ)s + L(x)
Let p be an odd prime and n be a positive integer. The quadratic character χ on Fpn is deﬁned by
χ(0) = 0, χ(x) = 1 if x is a square in Fpn\{0} and χ(x) = −1 if x is a nonsquare in Fpn\{0}.
The trace function from Fpn onto its subﬁeld Fpk is deﬁned as
Trn/k(x) = x+ xpk + xp2k + · · · + xpn−k .
The absolute trace function (i.e., for k = 1) is simply denoted by Tr (for ﬁxed n) and is then deﬁned
by Tr(x) = x+ xp + xp2 +· · ·+ xpn−1 . Clearly, if y ∈ Fpn and Trn/k(y) = 0 then Tr(y) = Trk/1(Trn/k(y)) =
Tr(0) = 0, and hence the set {x ∈ Fpn | Trn/k(x) = 0} is a larger subset of Fpn which includes {x ∈ Fpn |
Tr(x) = 0} as its subset.
Theorem 1. Let p be an odd prime, n,k be positive integers and d = gcd(n,k). Let δ ∈ Fpn with Trn/d(δ) = 0.
Then (xp
k − x+ δ) p
n+1
2 + xpk + x is a PP over Fpn .
Proof. First note that xp
k −x+δ = 0 and χ(xpk −x+δ) = 0 for any x ∈ Fpn since Trn/d(δ) = 0. Similarly,
for any b ∈ Fpn , bpk − b + δpk + δ = 0 since Trn/d(δpk + δ) = 2Trn/d(δ) = 0. It suﬃces to prove that the
equation
(
xp
k − x+ δ)
pn+1
2 + xpk + x = b (1)
has at most one solution. Let x be such a solution. It belongs to either D1 = {a ∈ Fpn | χ(apk −a+ δ) =
1} or D−1 = {a ∈ Fpn | χ(apk − a + δ) = −1}.
If x ∈ D1, then we get 2xpk = b− δ from Eq. (1). We have xpk = b−δ2 and xp
k − x+ δ = 12 (b−bp
n−k +
δ + δpn−k ). Since 12 (bp
k − b + δpk + δ) = ( 12 (b − bp
n−k + δ + δpn−k ))pk , we get χ( 12 (bp
k − b + δpk + δ)) =
χ( 12 (b − bp
n−k + δ + δpn−k )) = 1.
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k − x + δ = 12 (bp
k − b +
δp
k + δ). In this case, we must have χ( 12 (bp
k − b + δpk + δ)) = −1.
From the above discussion, we conclude that: if χ( 12 (b
pk − b + δpk + δ)) = 1, then there exists no
solution in D−1 of Eq. (1) and the unique possible solution is in D1. Similarly, if χ( 12 (b
p2k − b+ δpk +
δ)) = −1, then the unique solution is in D−1. Thus, for any ﬁxed b, there is at most one solution for
the equation f (x) = b. 
Remark 1. The permutation polynomial given in Theorem 1 has a simple implicit piecewise function
expression, that is, when the variable x takes values in the domain D1 or D−1, the expression of the
function become a linearized one.
To derive a permutation polynomial of the form (xp
k − x + δ)s + x from the PP presented in The-
orem 1, we make a replacement of variable x by y such that y = x + xpk . To this goal, we use the
following trivial fact.
Lemma 1. Let d = gcd(n,k). Consider polynomials over a ﬁnite ﬁeld of odd characteristic p.
(i) gcd(xk + 1, xn − 1) = 1 if and only if n/d is odd (or equivalently, the largest factor of n of the form of
power of 2 divides that of k).
(ii) x+ xpk is a PP over Fpn if and only if gcd(xk + 1, xn − 1) = 1, or namely if and only if n/d is odd.
In the case that n/d is odd, if we make the replacement of variable x by y such that y = x + xpk ,
then we have x = 12
∑(n/d)−1
i=0 (−1)i yp
ik
, and xp
k − x =∑(n/d)−1i=1 (−1)i+1 yp
ik
. Further, if we assume
n = 3d, then we have xpk − x = ypk − yp2k , and the permutation polynomial in Theorem 1 become
(
yp
k − yp2k + δ)
pn−1
2 +1 + y = (yp2k − y + δp−2k)
pn−1
2 +p2k + y.
This deduces the following consequence.
Corollary 1. Let p be an odd prime, n = 3d, k = d or 2d, and δ ∈ Fpn with Trn/d(δ) = 0. Then (xpk − x +
δ)
pn−1
2 +pk + x is a PP over Fpn .
From Corollary 1, we get that (x3 − x + δ)16 + x with Tr(δ) = 0 permutes F33 , which explains one
experimental observation in [14].
To remove the condition of Trn/d(δ) = 0 in Theorem 1 and Corollary 1, we consider permutation
polynomials over ﬁelds of characteristic 3, and we have the following theorem.
Theorem 2. Let n = 3d, k = d or 2d, and δ ∈ F3d . Then (x3k − x+ δ)
3n−1
2 +3ik + x is a PP over F3n for any i = 0,
1 or 2.
Proof. The proof for different i is similar, below we give the proof for i = 1. We prove that the
equation (x3
k − x + δ) 3n−12 +3k + x = b has exactly one solution for any b ∈ F3n . Similarly as in the
proof of Theorem 1, we let x be such a solution, and it belongs to D0 = {a ∈ F3n | a3k − a + δ = 0},
D1 = {a ∈ F3n | χ(a3k − a + δ) = 1}, or D−1 = {a ∈ F3n | χ(a3k − a + δ) = −1}.
If x ∈ D0, then from the equation (x3k − x+ δ) 3
n−1
2 +3k + x = b we get x = b and b3k − b + δ = 0.
If x ∈ D1, then we get (x3k − x+δ)3k + x = b. That is, x32k − x3k +δ+ x = b since δ ∈ F3d . Adding this
equation with its 3kth power, we have 2x + 2δ = b3k + b, x = −δ − b3k − b, and hence, x3k − x + δ =
b − b32k + δ = (b3k − b + δ)32k . The latter leads to χ(b3k − b + δ) = χ(x3k − x+ δ) = 1.
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paragraph, adding the latter equation with its 3kth power, we have 2x3
k −2δ = b3k +b, x = δ−b32k −b,
and x3
k −x+δ = b32k −b3k +δ = (b3k −b+δ)3k . The latter leads to χ(b3k −b+δ) = χ(x3k −x+δ) = −1.
The above discussion says that the equation (x3
k − x+ δ) 3n−12 +3k + x = b has solutions in only one
domain D j to which b belongs, where j = 0, 1, or −1, and there exists exactly one solution. This
proves the theorem. 
The following trivial lemma presents a permutation over a ﬁnite ﬁeld according to its piecewise
property on the domains Ti = {x ∈ Fpn | Tr(x) = i}, i = 0,1, . . . , p − 1.
Lemma 2. Let {h0,h1, . . . ,hp−1} be a permutation on {0,1, . . . , p − 1}. A mapping deﬁned on Fpn which
one-to-one maps Ti to Thi for any i = 0,1, . . . , p − 1 is a permutation over Fpn .
The following two lemmas are needed in the sequel.
Lemma 3. The polynomial xp
k − x has no nonzero root in T0 if and only if gcd(n,k) = 1 and n ≡ 0 (mod p).
Proof. The nonzero roots of xp
k −x are (pk−1)th roots of unity. They are also (pn−1)th roots of unity
and since gcd(pn − 1, pk − 1) = pd − 1, they are hence (pd − 1)th roots of unity, where d = gcd(k,n).
Thus, the roots of xp
k −x form the subﬁeld Fpd . If d > 1, there is a nonzero element θ of Fpd such that
Trd/1(θ) = 0 and hence, Trn/1(θ) = Trd/1(Trn/d(θ)) = nd Trd/1(θ) = 0. If d = 1, then for any 0 = θ ∈ Fp ,
Trn/1(θ) = nθ = 0 if and only if n ≡ 0 (mod p). 
Lemma 4. Let n, k be integers and p be an odd prime. If gcd( ngcd(n,k) , p − 1) = 1, then ρ−1ρ is not a (pk − 1)th
power over Fpn for any ρ ∈ Fp and ρ = 0,1.
Proof. For all ρ ∈ Fp with ρ = 0,1, the expression c = ρ−1ρ takes exactly all elements in Fp \ {0,1}.
Let k′ = gcd(n,k). Then gcd(pk − 1, pn − 1) = pk′ − 1, and the all (pk − 1)th powers in Fpn are exactly
the (pk
′ − 1)th powers in Fpn . Thus, the condition that c ∈ Fp \ {0,1} is not a (pk − 1)th power in Fpn
is equivalent to that c
pn−1
pk
′ −1 = 1. Let u = n/k′ , using that cp ≡ c (mod p), we have
c
pn−1
pk
′ −1 = ccpk′ cp2k′ · · · cpk′(u−1) ≡ cu (mod p).
Thus the desired claim is to say that cu = 1 or equivalently, cgcd(u,p−1) = 1. Now the requirement that
cgcd(u,p−1) = 1 holds for all c ∈ Fp \ {0,1} is exactly to say gcd(u, p − 1) = 1. 
Using Lemma 2, we try to ﬁnd permutation polynomials among ones of the form
f (x) = (xpk − x+ δ)+ ax+ b Tr(x) + cxTr(x) (2)
and
Tr(x)
(
xp
k − x+ δ)+ ax+ b Tr(x) + cxTr(x), (3)
where a,b, c ∈ Fp . For the function deﬁned by (2), when x ∈ Ti ,
f (x) = xpk + (a + ci − 1)x+ bi + δ, Tr( f (x))= ci2 + (a + bn)i + Tr(δ).
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that c = 0 and a + bn = 0 for odd p and a + bn + c = 1 for p = 2.
Firstly, we consider the case that p is odd and c = 0. When a = 0, from Lemma 3 we get that
f (x) = xpk −x+bi+δ is injective from Ti to Fpn under the conditions n ≡ 0 (mod p) and gcd(n,k) = 1.
When a = 1, f (x) = xpk + bi + δ is a PP on the whole ﬁeld. Utilizing Lemma 4, we can show 1− a =
a−1−1
a−1 is not a (p
k − 1)th power over Fpn for any a = 0,1 under the condition of Lemma 4. This leads
to f (x) is a PP over Fpn for any a = 0,1 under the condition gcd( ngcd(n,k) , p − 1) = 1.
Similar discussion is done for the polynomial of the form (3) and for the case p = 2. This leads to
the following theorem.
Theorem 3. (i) Let p be an odd prime and a,b ∈ Fp . Then
f (x) = (xpk − x+ δ)+ ax+ b Tr(x)
is a PP over Fpn if a + bn = 0 ∈ Fp and one of the following conditions holds: (1) a = 0, n ≡ 0 (mod p), and
gcd(n,k) = 1. (2) a = 1. (3) a = 0, a = 1, and gcd( ngcd(n,k) , p − 1) = 1.
Tr(x)
(
xp
k − x+ δ)+ x+ b Tr(x)
is a PP over Fpn if bn + Tr(δ) = −1 and gcd( ngcd(n,k) , p − 1) = 1.
(ii) Let a,b, c ∈ F2 . Then
(
x2
k + x+ δ)+ ax+ b Tr(x) + cxTr(x)
is a PP over F2n if and only if (a, c,bn) = (1,0,0), or (a, c) = (1,0) and a + b + c = 1 and gcd(n,k) = 1 and
n is odd.
Tr(x)
(
x2
k + x+ δ)+ x+ b Tr(x) + cxTr(x)
is a PP over F2n if and only if c = 0 and Tr(δ) = nb, or c = 1, Tr(δ) + b = 1, gcd(n,k) = 1 and n is odd.
Note that Theorem 3 gives some explicit PPs of Corollaries 3.4 and 3.5 in [15].
Inspired by the idea of Theorem 6.4 in [15], we get the following theorems.
Theorem 4. Let t be an even integer and n = 2k. Let β,γ ∈ Fpk , γ = 0, δ ∈ Fpn , δpk = −δ, and Tr(βγ −1) =
−1. Then f (x) = (xpk − x+ δ)t + γ x+ β Tr(x) is a PP over Fpn .
Proof. Assume there exist x,a ∈ Fpn such that f (x) = f (x+ a). Then we have
(
xp
k − x+ δ + apk − a)t − (xpk − x+ δ)t = −γ a − β Tr(a). (4)
Taking Eq. (4) to the pkth powers, we obtain
(
xp
k − x+ δ + apk − a)t − (xpk − x+ δ)t = −γ pkapk − β pk Tr(a) (5)
since δp
k = −δ and t is even. From Eqs. (4) and (5), we obtain γ a + β Tr(a) = γ pkapk + β pk Tr(a).
Since β = β pk and γ = γ pk = 0, then we get a = apk . Substituting it into Eq. (4), we have γ a +
β Tr(a) = 0. Then we have a = −βγ −1 Tr(a) and Tr(a) = −Tr(βγ −1)Tr(a). It leads to a = Tr(a) = 0
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over Fpn . 
Similarly to the proof of Theorem 4, we can prove the following theorem.
Theorem 5. Let t be any integer and n = 2k. Let δ,β ∈ Fpk , γ ∈ Fpn , γ = −γ pk = 0. Then f (x) = (xpk + x+
δ)t + γ x+ β Tr(x) is a PP over Fpn .
Remark 2. The absolute trace term β Tr(x) in the expressions of the PPs given in Theorems 4 and 5 can
be replaced by the relative trace term β Trn/k(x), and the corresponding requirement Tr(βγ −1) = −1
turns to Trn/k(βγ −1) = −1. Since Trn/k(βγ −1) = Tr(βγ −1) = 0 in Theorem 5, this requirement is
equivalent to 2β = −γ for Theorem 4 and automatically holds for Theorem 5. We note that PPs of
the form (xp
k − x + δ)t + γ x + β Trn/k(x) are presented in the investigation of Theorem 6.4 in [15].
In Theorems 4 and 5, we get some new PPs just by replacing the relative trace term β Trn/k(x) with
the absolute trace term β Tr(x). The new PPs can also be proved by using the powerful Lemma 2.4
in [15].
Remark 3. The permutation property of (xp
k + x + δ)t + γ x + β Trn/k(x) in the case of p = 2 can also
be proved by using a similar idea of Lemma 2. If Trn/k(x) = i, we get f (x) = gi(x) := (x2k + x + δ)t +
γ x + βi and Trn/k(gi(x)) = γ i. Since δ,γ ∈ F2k and γ = 0, we can ﬁrst show that (x2k + x + δ)t + γ x
is a PP over F2n . Then gi(x) is injective on F2n , and Tr(gi(x)) = Tr(g j(x)) for i = j ∈ F2k since γ = 0.
Theorem 6. Let n = 4k and δ be an element of Fpn with Trn/k(δ) = −1. Then f (x) = (xpk −x+δ)pk(p2k+1) +x
is a PP over Fpn .
Proof. It suﬃces to prove that the equation
(
xp
k − x+ δ)pk(p2k+1) + x = b (6)
has at most one solution for each b ∈ Fpn .
Case I: If xp
k − x+ δ = 0, then we get x = b and bpk − b + δ = 0.
Case II: If xp
k − x + δ = 0, then we get b − x = 0. From Eq. (6), we have (b − x)p2k−1 = 1, which
leads to
xp
2k − x+ b − bp2k = 0. (7)
Let y = xpk − x+ δ and θ = bp2k − b+ δ + δpk . Then we get ypk + y = xp2k − x+ δpk + δ = θ by Eq. (7).
Now we get
yp
k = −y + θ, yp2k = −ypk + θ pk = y − θ + θ pk , yp3k = −y + θ − θ pk + θ p2k .
By Eq. (6), x = b − yp3k+pk , from which together with y = xpk − x+ δ we get
y = bpk − y1+p2k − b + yp3k+pk + δ. (8)
Substituting the values of yp
k
, yp
2k
and yp
3k
into Eq. (8), we get
(
1+ θ + θ p2k)y = bpk − b + δ + θ(θ − θ pk + θ p2k). (9)
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1+ θ + θ p2k = 1+ bp2k − b + δ + δpk + b − bp2k + δp2k + δp3k = 1+ Trn/k(δ)
and Trn/k(δ) = −1, we get 1 + θ + θ p2k = 0. Therefore, we get only one solution y from Eq. (9). This
leads to only one solution x since x = b − yp3k+pk .
When bp
k −b+δ = 0, the unique possible solution of Eq. (6) is in Case II. And when bpk −b+δ = 0,
we get bp
k = b − δ and bp2k = bpk − δpk = b − δ − δpk . In Case I, we have one solution x = b. In
Case II, we have θ = bp2k − b + δ + δpk = 0 and y = 0 from Eq. (9). This leads to one solution x =
b − yp3k+pk = b, which contradicts to the ﬁrst assumption xpk − x+ δ = 0. Therefore, we get only one
solution x = b of Eq. (6) in Case I when bpk − b + δ = 0. The proof is completed. 
By Theorem 6, we get that (x3 − x+ δ)30 + x with Tr(δ) = 1 permutes F34 , which explains another
experimental observation in [14].
3. Permutation polynomials with explicit piecewise function forms
This section presents several PPs with explicit piecewise function forms; they are motivated by the
recent work of Hou on permutation polynomials [8]. A concrete result of his study is the following
theorem.
Theorem 7. (See [8, Theorem 1.1].) Let e be a positive even integer. Then f (x) = (1− x− x2)x 3e+12 −1− x+ x2
is a PP over F3e .
Here we give a slight generalization of this theorem as the following proposition.
Proposition 1. Let t be a positive integer with gcd(t,3n − 1) = 1. Assume θ,β ∈ F3n with χ(θ) = χ(β) = 1.
Then f (x) = (βx3 + βθx2 + βθ2x− xt)x 3n−12 − (βx3 + βθx2 + βθ2x+ xt) is a PP over F3n .
Proof. By the deﬁnition of the quadratic character, we get that
f (x) =
⎧⎨
⎩
0, if x = 0,
xt, if χ(x) = 1,
β(x3 + θx2 + θ2x), if χ(x) = −1.
We assume that there exist x1, x2 ∈ F3n with x1 = x2 such that f (x1) = f (x2).
Case I. Assume x1 = 0 and x2 = 0. If χ(x2) = 1, then xt2 = f (x1) = 0 and x2 = 0. If χ(x2) = −1, then
β(x32+θx22+θ2x2) = 0, which implies either x2 = 0 or x2 = θ . The latter will deduce χ(x2) = χ(θ) = 1,
which is a contradiction.
Case II. Assume χ(x1) = χ(x2) = 1. Since gcd(t,3n − 1) = 1, then we have xt1 = xt2, i.e., x1 = x2,
which is a contradiction.
Case III. Assume χ(x1) = χ(x2) = −1. Then we get β(x31 + θx21 + θ2x1) = β(x32 + θx22 + θ2x2). It
leads to (x1 − x2)(x21 + (x2 + θ)x1 + (x2 − θ)2) = 0. Equation x21 + (x2 + θ)x1 + (x2 − θ)2 = 0 has a
solution x1 ∈ F3n only if χ((x2 + θ)2 − 4(x2 − θ)2) = χ(θx2) = 1. Then we obtain χ(x2) = 1, which is
a contradiction.
Case IV. Assume χ(x1) = 1 and χ(x2) = −1. In this case, f (x1) = f (x2) implies xt1 = βx2(x2 − θ)2.
Since gcd(t,3n − 1) = 1, we obtain t is odd. Then we get χ(x1) = χ(x2) by χ(β) = 1, which is also a
contradiction. 
The following theorem presents permutation polynomials over general odd characteristic ﬁelds and
with similar expressions as that in Theorem 7. The proof is similar as for Proposition 1.
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n−1
2 +l − xl − xt+l
is a PP over Fpn provided
(i) gcd(l, pn − 1) = 1 and gcd(t + l, pn − 1) = 1; or
(ii) gcd(l, pn − 1) = 1, gcd(t + l, pn − 1) = 2 and pn ≡ 3 (mod 4).
Proof. By the deﬁnition of the quadratic character, we have
f (x) =
⎧⎨
⎩
0, if x = 0,
−2xt+l, if χ(x) = 1,
−2xl, if χ(x) = −1.
We assume that there exist x1 = x2 ∈ Fpn such that f (x1) = f (x2).
Case I. Assume x1 = 0 and x2 = 0. It is obviously impossible.
Case II. Assume χ(x1) = χ(x2) = 1. Then −2xt+l1 = −2xt+l2 . If gcd(t+l, pn−1) = 1, we get x1 = x2. If
gcd(t+ l, pn −1) = 2, then x21 = x22 and x1 = −x2 since x1 = x2. From pn ≡ 3 (mod 4) and χ(−1) = −1,
we get χ(x1) = −χ(x2), which is a contradiction.
Case III. Assume χ(x1) = χ(x2) = −1. Then we get −2xl1 = −2xl2. As gcd(l, pn − 1) = 1, we have
x1 = x2, which is a contradiction.
Case IV. Assume χ(x1) = 1 and χ(x2) = −1. In this case, f (x1) = f (x2) implies xt+l1 = xl2. We can
deduce that l is odd from gcd(l, pn − 1) = 1. Then we can get χ(x2) = χ(xt+l1 ) = 1, which is a contra-
diction. 
Below we consider PPs with piecewise function forms by a power function ϕ(x). The function ϕ(x)
is deﬁned over ﬁnite ﬁelds of size pn ≡ 1 (mod 3) as ϕ(x) = x p
n−1
3 . Let ω be an element of Fpn of
order 3, for nonzero x ∈ Fpn , ϕ(x) equals to 1, ω, or ω2. Trivially, ϕ(0) = 0.
Theorem 9. Assume pn ≡ 1 (mod 3). Then
f (x) = x(x p
n−1
3 − ω)(x p
n−1
3 − ω2)+ x3(x p
n−1
3 − 1)(x p
n−1
3 − ω2)+ ωxp(x p
n−1
3 − 1)(x p
n−1
3 − ω)
is a PP over Fpn if
(i) p ≡ 1 (mod 3) and p−13 n ≡ 1 (mod 3); or
(ii) p ≡ 2 (mod 3), n is even and p+13 n ≡ 1 (mod 3).
Proof. Note that when p ≡ 1 (mod 3), the condition p−13 n ≡ 1 (mod 3) is equivalent to that pn ≡
4 (mod 9), and when p ≡ 2 (mod 3), the condition that n is even and p+13 n ≡ 1 (mod 3) is equivalent
to that pn ≡ 7 (mod 9).
By the deﬁnition of ϕ(x), we have
f (x) =
⎧⎪⎪⎨
⎪⎪⎩
0, if x = 0,
(1− ω)(1− ω2)x, if ϕ(x) = 1,
(ω − 1)(ω − ω2)x3, if ϕ(x) = ω,
(1− ω)(ω2 − ω)xp, if ϕ(x) = ω2.
We assume that there exist x1, x2 ∈ Fpn with x1 = x2 such that f (x1) = f (x2).
Case I. Assume x1 = 0 and x2 = 0. It is obviously impossible.
Case II. Assume ϕ(x1) = ϕ(x2) = 1. In this case, f (x1) = f (x2) implies x1 = x2, which is a contra-
diction.
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then we can get x
pn−1
3
1 = (ωx2)
pn−1
3 which implies ω
pn−1
3 = 1. This contradicts to the condition pn−13 ≡
0 (mod 3). Similarly, we can show that x1 = ω2x2 does not hold.
Case IV. Assume ϕ(x1) = ϕ(x2) = ω2. From xp1 = xp2 , we also get x1 = x2, which leads to contradic-
tion.
Case V. Assume ϕ(x1) = 1 and ϕ(x2) = ω. We have (1−ω)(1−ω2)x1 = (ω − 1)(ω −ω2)x32, which
implies x1 = ω2x32. Then we get ω
2(pn−1)
3 = 1 from x
pn−1
3
1 = ω
2(pn−1)
3 xp
n−1
2 . This is impossible since
pn−1
3 ≡ 0 (mod 3).
Case VI. Assume ϕ(x1) = 1 and ϕ(x2) = ω2. Similarly to the discussion in Case V, we get x1 = ω2xp2 ,
which implies 1 = ω2( p
n−1
3 +p) . This is impossible since p
n−1
3 + p ≡ 0 (mod 3).
Case VII. Assume ϕ(x1) = ω and ϕ(x2) = ω2. In this case, f (x1) = f (x2) implies x31 = xp2 . Then we
can deduce to 1 = (x31)
pn−1
3 = (xp2 )
pn−1
3 = ω2p . This is impossible since p ≡ 0 (mod 3). 
Replacing the item x3 by xp
i
, we get the following theorem. The proof is similar as in the proof of
Theorem 9 and we omit it here.
Theorem 10. Let i be any positive integer and assume pn ≡ 1 (mod 9). Then
x
(
x
pn−1
3 − ω)(x p
n−1
3 − ω2)+ xpi (x p
n−1
3 − 1)(x p
n−1
3 − ω2)+ ωxp(x p
n−1
3 − 1)(x p
n−1
3 − ω)
is a PP over Fpn if
(i) p ≡ 1 (mod 3); or
(ii) i is odd, p ≡ 2 (mod 3).
Theorems 9 and 10 present a new method to construct PPs. Using piecewise functions, we can get
many different PPs which are combined with items x3 and xp
i
(0  i  n − 1). For example, if n is
even and 2n ≡ 4 (mod 9), or equivalently, if n ≡ 2 (mod 6),
g(x) = (x+ x2)x 2
n−1
3 + x+ ωx2 + (x 2
n−1
3 + 1)(x 2
n−1
3 + ω)(x+ ω2x2 + x3)
is a PP over F2n , which has the following piecewise function expression
g(x) =
⎧⎪⎪⎨
⎪⎪⎩
0, if x = 0,
ω2x2, if ϕ(x) = 1,
ω2x, if ϕ(x) = ω,
ωx3, if ϕ(x) = ω2.
The following theorem uses multiplicative characters of ﬁnite ﬁelds of order t .
Theorem 11. Assume p ≡ 1 (mod t) and pn ≡ 1 (mod t2) and let θ be an element of Fpn of order t. Then
f (x) =
t∑
i=1
xp
i
t∏
j=1, j =i
(
x(p
n−1)/t − θ j)
is a PP over Fpn .
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x ∈ Fpn , π(x) := x(pn−1)/t must be a power of θ , and let π(x) = θ i , 1 i  t , then we get
f (x) = (θ i − θ)(θ i − θ2) · · · (θ i − θ i−1)(θ i − θ i+1) · · · (θ i − θ t)xpi
= θ(t−1)i(1− θ) · · · (1− θ t−1)xpi = 0.
If f (x1) = f (x2) and π(x1) = π(x2) = θ i for some 1 i  t . Then xp
i
1 = xp
i
2 , which leads to x1 = x2.
Now we assume that f (x1) = f (x2), π(x1) = θ i , π(x2) = θ j for 1 i = j  t . Then we get
θ(t−1)i xp
i
1 = θ(t−1) jxp
j
2 . (10)
Since p
n−1
t ≡ 0 (mod t), we get θ(p
n−1)/t = 1. Taking Eq. (10) to the pn−1t th powers we ob-
tain π(x1)p
i = π(x2)p j , i.e., θ ipi = θ jp j . Since p ≡ 1 (mod t), which contradicts to the assumption
1 i = j  t . Thus, we get that f (x) is a PP over Fpn . 
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